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Abstract

Let ¢ be a positive linear functional on the algebra of n x n complex matrices and p be a number greater
than 1. The main result of the paper says that if for any pair A, B of positive semi-definite n X n matrices
with A < B the inequality ¢(AP) < ¢(BP) holds true, then ¢ is a nonnegative scalar multiple of the trace.
© 2006 Elsevier Inc. All rights reserved.
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Throughout the paper, .#, stands for the algebra of n x n complex matrices, ﬂg and /¢

denote the subsets of Hermitian and positive semi-definite matrices, respectively. For A, B € .4 2 s
the notation A < B means that B — A € /. A linear functional ¢ on .#, is said to be positive
ifp(A) > Oforall A € ,/%,J{ For areal-valued function f of areal variable and a matrix A € ,/%2,
the value f(A) is understood by means of the functional calculus for Hermitian matrices.

The Léwner-Heinz inequality says that if 0 < p < 1 then for any pair A, B € ./ such that
A < B,itholds A? < B?.1tis well known that a weaker inequality Tr(A?) < Tr(B?) still holds
for every p > 1. The aim of the present paper is to show that the latter property can serve to
characterize the trace among the positive linear functionals on .#,.

” Supported by the Russian Foundation for Basic Research (grant no. 05-01-00799).
* Corresponding author.
E-mail addresses: Airat.Bikchentaev @ksu.ru (A.M. Bikchentaev), Oleg.Tikhonov@ksu.ru (O.E. Tikhonov).

0024-3795/$ - see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2006.10.005


www.elsevier.com/locate/laa
mailto:Airat.Bikchentaev@ksu.ru
mailto:Oleg.Tikhonov@ksu.ru

A.M. Bikchentaev, O.E. Tikhonov / Linear Algebra and its Applications 422 (2007) 274-278 275

Lemma. Let a function f:[0, +00) — R satisfy the conditions

(@ f(0) =0,
(d) f(x) =ox) (x > +0),
(¢c) f(x) is differentiable at the point x = 2 and f'(2) < f(2).

Let § = diag(w, 1), where 0 < o < 1. If for any pair A, B € M, such that 0 < A < B it holds
Tr(Sf(A)) < Tr(Sf(B)), (1

thena = 1.

Proof. First, we take ¢ > 0 such that 1 — c¢/a > 0, and consider the matrices

(VN g 1t 1-cva
—\1r 1) “\l—-c/a 1+ca }°

Clearly, 0 < A < B.
Let us present an explicit form of the spectral representation B = A1 P; + A2 P> (A1, A2 being
eigenvalues of B, and P;, P, being corresponding projection matrices):

A = 1+c(1;“) +%\/4—8c¢a+c2(1+a)2,
A2 =1+c(1-’2_a) - %\/4—8cﬁ+cz(l+a)2,
P = t V(1 —1t) P, — 1—1¢ —J/t(1 —1)
i ) PElsaes 0 )
where
1 c(l —a)
= - +1]).
‘T2 <\/4 —8cy/a + c2(1 4+ a)? )
Then, let us estimate
Tr(Sf(B)) = fADTr(SP1) + f(A2)Tr(SP2)
= fAD{(a =Dt + 1)+ fO)((1 —a)t + @) 2

with making use of the fact that if a function g(c) is differentiable at the point ¢ = 0 then it can
be represented in the form g(c) = g(0) + g’(0)c + o(c) (¢ — 0). We have

1+«

)\.2:1+C( )—%(Z—Zﬁc—i—o(c)):%(1+a+2\/a)c+o(c) (c = 0).

Since f(x) = o(x) (x — +0), it follows
f(2) =o0(c) (¢ — +0). (3)

Also, we have

1 -2
FOn = 1@+ froy a2

> c+o(c) (c— 0). “4)
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Since

_l l—« 0 5
t_§+( 2 )c+o(c) (c = 0), 5)

we obtain, substituting (3)—(5) into (2),
f2) 1

TH(Sf(B) = =@+ D+ (@ (1= va) @+ D - f@1 - o))

+o(c) (c — +0).

Clearly,

2
Te(Sf(A)) = %m L.

Thus, we obtain as an implication of (1)
1
0< (f/(z)(l —Va)e+1) - f@ - a)z) ¢ +0(c)

1 2
= —1(1 — V) ((fQ = f'@)a+ 1) +2fQ)Va)c+o(e) (c— +0). (6)
Observe, that inequality (1) in the hypothesis of Lemma implies that f is non-decreasing,
hence f(2) > 0, and we conclude that the inequality (6) can hold for all ¢ > 0 with 1 — ¢/ > 0
onlyife =1. O

Theorem. Let 1 < p < oo and ¢ be a positive linear functional on M ,,, such that
p(A?) < p(BP) @)
whenever 0 < A < B. Then ¢ is a nonnegative scalar multiple of the trace.

Proof. First, we considerthecase 1 < p < 2.0Observe that the function f(x) = x”(x € [0, +00))
satisfies the conditions (a)—(c) of Lemma. As is well known, every positive linear functional ¢
on ./, can be represented in the form ¢(-) = Tr(S-) for some S € %,J{ It is easily seen that
without loss of generality we can assume that S = diag(ay, oo, ..., o), and we have to prove
that o = oj for all i, j = 1, n. Clearly, it suffices to prove that a; = . Inequality (7) must
hold, in particular, for all matrices A = [aij]?,j:p B = [bij]l’.”j:1 in ./} such that A < B and
0=a;j =0b;j if 3<i<nor3<j<n. Thus the proof of theorem in the case 1 < p <2
reduces to Lemma.

Now, consider the case p > 2. Take ¢ > O suchthat 1 < pg <2 andsetr = pg.Let A, B €
My, be such that 0 < A < B. Since g < 1, the Lowner-Heinz inequality gives A7 < BY. Then
by the hypothesis of Theorem, ¢ ((A7)7) < p((B?)P),i.e. p(A") < ¢(B"). From the first part of
the proof it follows that ¢ in a nonnegative scalar multiple of the trace. [

Corollary 1. Let ¢ be a positive linear functional on M, such that for any pair A, B € /%2 with
A < B the inequality

(") < o(e?) ®)
holds. Then ¢ is a nonnegative scalar multiple of the trace.

Proof. LetC, D € ./ ,T be such that C < D. Since the function In x is matrix monotone, 2 In(C +
t) < 2In(D + 1) for every positive number . Then
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@((C +t)2) _ (p(CZIn(C—H)) < ga(ezln(DJrz)) _ g0((D +t)2)

by (8), and the continuity arguments show that ¢(C?) < ¢(D?).
Application of Theorem gives that ¢ is a nonnegative scalar multiple of the trace. [

Corollary 2. Let1 < p < 00,0 < A < 00, and let ¢ be a positive linear functional on M, such
that

P((A+1)7P) < o((B+1P), ©)

whenever 0 < A < B. Then ¢ is a nonnegative scalar multiple of the trace.

Proof. To reduce the assertion of the corollary to theorem, we use a trick from [4]. f0 < A < B
then 0 < A < ¢ B for every positive number . By (9), we have p((tA + A)P) < o((tB + 1)P),
hence @((A + 1/t)P) < @((B 4+ A/t)P). Letting ¢ to infinity we obtain ¢(AP) < ¢(BP), and
application of Theorem completes the proof. [

The presented results supplement a list of inequalities which characterize the trace (see [2,3,5,
7,8]). Like characterizations of the trace in [3,5,7,8], the ones obtained here can be extended to the
framework of operator algebras. Certainly, we have not exhausted all possible characterizations
of the trace by monotonicity inequalities, and the following problem appears to be interesting.

Problem. Let f be a nondecreasing function defined on an interval S, which is not matrix mono-
tone of order 2. Let ¢ be a positive linear functional on .#,, such that ¢(f(A)) < ¢(f(B))
whenever f(A), f(B) are well-defined and A < B. Does it follow that ¢ is a nonnegative scalar
multiple of the trace?

Remark. After the first version of the present paper had been submitted, the paper of Sano and
Yatsu [6] came to our attention. In that paper, they obtained some interesting characterizations of
the trace via inequalities. In particular, they proved that inequalities (7)—(9) characterize tracial
property. In this connection we would like to note that the main results of our paper were announced
in [1].
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